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Abstract
The velocity field and the tangential stress corresponding to the flow of an Oldroyd-B fluid over a suddenly moved flat plate are
determined by means of the Laplace transform. The solutions that have been obtained, all in agreement with those established using
the Fourier transform, reduce to the solutions for a Newtonian fluid as a limiting case. Furthermore, the similar tangential stress for
a Maxwell fluid can be also obtained as a limiting case of our solution while the associated velocity field is then determined by a
simple integration. Finally, some graphical representations confirm the above assertions.
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1. Introduction
The first problem of Stokes (1851), also known as Rayleigh’s problem, namely the flow of a fluid over a plane wall
which is suddenly moved in its plane with a constant velocity, has received much attention due to its theoretical and
practical importance. For Newtonian fluids, Zierep [1] established an elegant solution by means of the similarity by
transformation of variables. Soundalgekar [2] extended it to a fluid of second grade using a perturbation technique.
Teipel [3] showed that for such a fluid, a strict similarity solution does not exist and provided a series solution. Puri [4]
found a solution which does not satisfy the initial condition. Later, Bandelli and Rajagopal [5] and Bandelli et al. [6]
showed that the attempts to solve such problems by means of the Laplace transform are sometimes erroneous and this
method does not always work for problems involving second grade fluids. This is due to the incompatibility between
the prescribed data. A detailed discussion on this issue has been also given by Bandelli [7].
However, the Laplace transform technique has been successfully used by Waters and King [8,9], Bo¨hme [10],
Hayat et al. [11,12] to determine exact solutions for flows of Maxwell or Oldroyd-B fluids. Generally, for these fluids,
a new initial condition is necessary apart from the condition that the fluid is initially at rest. Waters and King derived
their results using an integral form of the constitutive equation for an Oldroyd-B fluid together with the method of
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Laplace transforms. This combination requires only one initial condition. In order to obtain a second initial condition,
Wood [13] assumed that the velocity field v(y, t) has a Taylor series expansion about t = 0. Many other problems
regarding Oldroyd-B fluids have been solved by means of Fourier or Hankel transforms (see [14–18], for instance). In
all these works, the time derivative of velocity is zero at time t = 0. Two simple but elegant solutions corresponding
to the steady-state of an oscillating motion of an Oldroyd-B fluid around an infinite rod have been also established by
Rajagopal and Bhatnagar [19].
Our purpose, in this work, is to establish new exact solutions for the velocity field and the tangential stress
corresponding to the first problem of Stokes for an Oldroyd-B fluid. Using the Laplace transform, as well as Bo¨hme
for a Maxwell fluid, we do not need a second initial condition. The solutions that have been determined satisfy the
governing equations and all imposed initial and boundary conditions and reduce to those for a Newtonian fluid as a
limiting case. Furthermore, the tangential stress for a Maxwell fluid, obtained by Bo¨hme [10], can be also obtained as
a limiting case of our solution. The associate velocity field is immediately determined by a simple integration.
2. Governing equations
The Cauchy stress T for an incompressible Oldroyd-B fluid, is given by [11–20]
T = −pI+ S, S+ λ(S˙− LS− SLT ) = µ[A+ λr (A˙− LA− ALT )], (1)
where −pI denotes the indeterminate spherical stress, S is the constitutively determined extra-stress tensor, A =
L + LT is the first Rivlin–Ericksen tensor, L is the velocity gradient, µ is the coefficient of viscosity, λ and λr
(< λ, cf. [21]) are relaxation and retardation times and the over dot indicates the material time derivative. This model
includes as special cases the Maxwell model for λr = 0 and the linearly viscous fluid model (for λ = λr = 0 or
equivalently for λr = λ, cf. Josef [22], Section 2.2). Since the fluid is assumed to be incompressible it can only
undergo isochoric motions and thus we require div v = 0. For the problem under consideration we shall assume a
velocity field of the form
v = v(y, t) = v(y, t)i, (2)
where i is the unit vector along the x-coordinate direction. For this velocity field, the constraint of incompressibility is
automatically satisfied. We shall also suppose that the extra-stress tensor depends only on y and t , that is, S = S(y, t).
Substituting (2) into (1)2 and having the initial condition
S(y, 0) = 0, (3)
in mind (the fluid being at rest up to the moment t = 0), we get Sxz = Syz = Syy = Szz = 0 for all time, while the
tangential stress T = Sxy has to satisfy the partial differential equation [15]
(1+ λ∂t ) T (y, t) = µ (1+ λr∂t ) ∂yv(y, t). (4)
The balance of linear momentum, in the absence of body forces and a pressure gradient in the x-direction reduces
to the relevant equation
∂yT (y, t) = ρ ∂tv(y, t), (5)
where ρ is the constant density of the fluid.
Let us now consider an incompressible Oldroyd-B fluid at rest, lying over an infinitely extended plate which is
situated in the (x, z) plane. After time zero, the plate is subject to a constant velocity V in the x-direction [10,15]. The
corresponding initial and boundary conditions are
v(y, 0) = 0 for y > 0 and v(0, t) = V for t > 0. (6)
Furthermore the natural conditions
v(y, t), T (y, t)→ 0 as y →∞ (7)
have to be also satisfied.
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3. The solution of the problem
Introducing the dimensionless variables
τ = t
λ
, ξ = y
cλ
, U = v
V
and S = T
ρcV
where c =
√
µ
ρλ
, (8)
the partial differential equations (4) and (5) reduce to
(1+ ∂τ ) S(ξ, τ ) = (1+ α∂τ ) ∂ξU (ξ, τ ); ξ, τ > 0, (9)
∂ξ S(ξ, τ ) = ∂τU (ξ, τ ); ξ, τ > 0, (10)
respectively, where α = λr/λ. The associated initial and boundary conditions are
S(ξ, 0) = U (ξ, 0) = 0 for ξ > 0; U (0, τ ) = 1 for τ > 0 (11)
and
U (ξ, τ ), S(ξ, τ )→ 0 as ξ →∞. (12)
For the above initial and boundary value problems, we define
U¯ (ξ, q) = L {U (ξ, τ )} =
∫ ∞
0
e−qτU (ξ, τ )dτ and S¯(ξ, q) = L {S(ξ, τ )} =
∫ ∞
0
e−qτ S(ξ, τ )dτ,
as Laplace transforms ofU (ξ, τ ) and S(ξ, τ ). Applying the Laplace transform to Eqs. (9) and (10) and using (11) and
(12) we attain the next system
(1+ q)S¯(ξ, q) = (1+ αq)∂ξ U¯ (ξ, q), ∂ξ S¯(ξ, q) = qU¯ (ξ, q), (13)
where
U¯ (0, q) = 1
q
; U¯ (ξ, q), S¯(ξ, q)→ 0 as ξ →∞. (14)
Eliminating S¯(ξ, q) between Eqs. (13) we find for U¯ (ξ, q) the differential equation
∂2U¯ (ξ, q)
∂ξ2
− q(q + 1)
αq + 1 U¯ (ξ, q) = 0, (15)
whose general solution is of the form
U¯ (ξ, q) = C1 exp
(
ξ
√
q(q + 1)
αq + 1
)
+ C2 exp
(
−ξ
√
q(q + 1)
αq + 1
)
. (16)
In view of the conditions (14) it results that
U¯ (ξ, q) = 1
q
exp
(
−ξ
√
q(q + 1)
αq + 1
)
. (17)
From (13)1 and (17) we find that
S¯(ξ, q) = −
√
αq + 1
q(q + 1) exp
(
−ξ
√
q(q + 1)
αq + 1
)
, (18)
or equivalently
S¯(ξ, q) = −e
−ξ√w(q)
√
w(q)
where w(q) = q(q + 1)
αq + 1 . (19)
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Following [23], it results that the original S(ξ, τ ) of S¯(ξ, q), given by the equality (19), can be written under the
integral form
S(ξ, τ ) =
∫ ∞
0
f (u, ξ)g(u, τ )du, (20)
where
f (u, ξ) = − 1√
piu
exp
(
− ξ
2
4u
)
= L−1
{
1√
q
e−ξ
√
q
}
(21)
and
g(u, τ ) = L−1{e−uw(q)}, (22)
L−1 denoting the inverse Laplace transform.
In order to determine the function g(u, τ ) we write
exp[−uw(q)] = exp
[
−u
α
(
q − 1− α
α
)]
exp
 − uα 1−αα2
q −
(
− 1
α
)

= exp
[
−u
α
(
q − 1− α
α
)]
− exp
[
−u
α
(
q − 1− α
α
)]1− exp
 − uα 1−αα2
q −
(
− 1
α
)
 (23)
and use the shift theorem together with the well-known relations [23, p. 170, 226, 230]
L−1{e−cq} = δ(τ − c), L−1{1− e−c/q} =
√
c
τ
J1
(
2
√
cτ
)
, (24)
and
L−1 {g(q)h(q)} = (g ∗ h)(τ ). (25)
In the above relations δ(·) is the Dirac delta function (or Dirac’s distribution), J1(·) is the Bessel function of the
first kind of order one while g ∗ h denotes the convolution product of g and h. Consequently, the function g(u, τ ) will
be given by
g(u, τ ) = L−1{e−uw(q)} = exp
(
1− α
α
τ
)
δ
(
τ − u
α
)
−
[
exp
(
1− α
α
τ
)
δ
(
τ − u
α
)]
∗
[
1
α
√
1− α
α
u
τ
e−τ/α J1
(
2
α
√
1− α
α
uτ
)]
= exp
(
1− α
α
τ
)
δ
(u
α
− τ
)
−
∫ τ
0
1
α
√
(1− α)u
α(τ − s) exp
[
(2− α)s − τ
α
]
δ
(u
α
− s
)
J1
(
2
α
√
1− α
α
u(τ − s)
)
ds. (26)
Introducing (26) into (20) and using the filtration property of the Dirac’s function∫ z2
z1
f (z)δ(z − z0)dz =
{
f (z0) z0 ∈ [z1, z2)
0 z0 6∈ [z1, z2) (27)
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we find that
S(ξ, τ ) =

0 ξ ≥ 0, τ = 0
− α√
piατ
exp
[−ξ2 + 4(1− α)τ 2
4ατ
]
+
∫ τ
0
√
1− α
piα(τ − s)
× exp
[
− ξ
2
4αs
+ (2− α)s − τ
α
]
J1
[
2
α
√
(1− α)s(τ − s)
]
ds, ξ > 0, τ > 0.
(28)
The dimensionless velocityU (ξ, τ ) can be immediately obtained from Eqs. (10) and (28) by a direct integration or
using the same way as before with U¯ (ξ, q) given by Eq. (17). In both cases we found that
U (ξ, τ ) =

1 ξ = 0, τ > 0
ξ
2
√
piα
∫ τ
0
1
u3/2
exp
[−ξ2 + 4(1− α)u2
4αu
]
du − ξ
√
1− α
2α
√
piα
∫ τ
0
∫ u
0
1
s
√
u − s
× exp
[
− ξ
2
4αs
+ (2− α)s − u
α
]
J1
[
2
√
1− α
α
√
s(u − s)
]
ds du, ξ > 0, τ ≥ 0.
(29)
In order to come back to the initial variables, we make the changes of variables u = z/λ, respectively, u = z/λ
and s = σ/λ for the simple and double integrals from (28) and (29) and take into consideration the relations (8). For
the velocity field v(y, t), for instance, it results in the expression
v(y, t) =

V y = 0, t > 0
V y
2
√
ανpi
∫ t
0
1
s3/2
exp
[ −y2
4ανs
+ βs
]
ds − V y
√
β
2α
√
νλpi
∫ t
0
∫ σ
0
1
s
√
σ − s
× exp
[
− y
2
4ανs
+ βs − σ − s
λr
]
J1
[
2
√
β
αλ
√
s(σ − s)
]
ds dσ, y > 0, t ≥ 0,
(30)
where β = λ−λr
λλr
. The corresponding expression for the tangential stress is
T (y, t) =

0 y ≥ 0, t = 0
−µV
√
α
piνt
exp
[ −y2
4ανt
+ βt
]
+ µV
√
β
piνλ
∫ t
0
1√
t − s
× exp
[ −y2
4ανs
+ βs − t − s
λr
]
J1
[
2
√
β
αλ
√
s(t − s)
]
ds, y > 0, t > 0.
(31)
Finally, it would be appropriate to mention that the solutions (30) and (31) can be directly obtained using the
differential equations (4) and (5) without any introduction of the dimensionless variables. Similar solutions, obtained
by means of the Fourier sine transform, have been recently established in [15]. In their work, the authors have used an
additional initial condition, namely
∂tv(y, t) = 0 for t = 0 (32)
and the diagrams of their solutions ([15], Eqs. (19) and (23))
v(y, t) = V − 2V
pi
∫ a
0
r1 exp(r2t)− r2 exp(r1t)
r1 − r2
sin(yξ)
ξ
dξ
− 2V
pi
exp
(
− t
2λ
)∫ b
a
exp
(
−νλrξ
2
2λ
t
)[
cos
(
β1t
2λ
)
+ 1+ νλrξ
2
β1
sin
(
β1t
2λ
)]
sin(yξ)
ξ
dξ
− 2V
pi
∫ ∞
b
r1 exp(r2t)− r2 exp(r1t)
r1 − r2
sin(yξ)
ξ
dξ (33)
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Fig. 1. Velocity profiles v(y, t) corresponding to an Oldroyd-B fluid, Eqs. (30) — v1 and (33) — v2 for t = 20 s, λ = 1 and λr = 0.6.
Fig. 2. Tangential stress profiles T (y, t) corresponding to an Oldroyd-B fluid, Eqs. (31) — T 1 and (34) — T 2 for t = 20 s, λ = 1 and λr = 0.6.
and
T (y, t) = −2µV
pi
∫ a
0
(1+ r1λr )(1+ r2λr )
λ− λr
exp(r2t)− exp(r1t)
r2 − r1 cos(yξ)dξ
− 4µV
pi
exp
(
− t
2λ
)∫ b
a
1
β1
exp
(
−νλrξ
2
2λ
t
)
sin
(
β1t
2λ
)
cos(yξ)dξ
− 2µV
pi
∫ ∞
b
(1+ r1λr )(1+ r2λr )
λ− λr
exp(r2t)− exp(r1t)
r2 − r1 cos(yξ)dξ, (34)
as the results from Figs. 1 and 2, are identical to those resulting from (30) and (31). Furthermore, it is not difficult to
see that v(y, t) given by (30), satisfies the condition (32).
In the above relations we have used the notations
r1,2 = −(1+ α1ξ
2)±√(1+ α1ξ2)2 − 4νλξ2
2λ
, β1 =
√
4νλξ2 − (1+ α1ξ2)2,
α1 = νλr , a = 1√
ν(
√
λ+√λ− λr )
and b = 1√
ν(
√
λ−√λ− λr )
.
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4. Limiting cases
1. Making the limit of Eq. (30) as α → 1 (λr → λ) we find that
v(y, t) = V
∫ t
0
y
2s
√
piνs
e−
y2
4νs ds. (35)
Performing now the change of variable s = y2/(4νu2), it clearly results in
v(y, t) = 2V√
pi
∫ ∞
y/(2
√
νt)
e−u2du = V Erfc
(
y
2
√
νt
)
= V
[
1− Erf
(
y
2
√
νt
)]
, (36)
that represents the classical solution corresponding to a Newtonian fluid [1,15].
As regards the tangential tension T (y, t), from (31) for α = 1, one obtains
T (y, t) = − µV√
piνt
exp
(
− y
2
4νt
)
, (37)
i.e. the tangential stress corresponding to the velocity field (36) (cf. [15], Eq. (28)).
2. In the special case when λr and therefore α → 0, we can use the next important property (cf. [23, p. 10]).
If f (t, a) is the original of the function g(q, a), i.e. g(q, a) = L { f (t, a)} then lima→a0 f (t, a) is the original of
lima→a0 g(q, a). More exactly
lim
a→a0
g(q, a) = L
{
lim
a→a0
f (t, a)
}
.
Consequently, on the base of this property, the original of the function
lim
α→0 S¯(ξ, q) = −
exp
(−ξ√q(q + 1))√
q(q + 1) ,
is given by (cf. with [10], Eq. 5.78)
SM (ξ, τ ) = lim
α→0 S(ξ, τ ) = L
−1
{
−exp
(−ξ√q(q + 1))√
q(q + 1)
}
=
0 for ξ > τ−e−τ/2 I0 (12
√
τ 2 − ξ2
)
for ξ < τ,
(38)
where I0(·) is the modified Bessel function of order zero.
Once the tangential tension is determined, the associated velocity field is obtained by a simple integration. Of
course, it is that obtained by Bo¨hme [10], Eq. 5.81 i.e.,
UM (ξ, τ ) =

0 ξ > τ
e−
ξ
2 + ξ
2
∫ τ
ξ
e−
σ
2
I1
(
1
2
√
σ 2 − ξ2
)
√
σ 2 − ξ2 dσ ξ < τ.
(39)
5. Numerical results and conclusions
In this work, by means of the Laplace transform, new exact solutions for the velocity field and the associate
tangential stress corresponding to the flow of an Oldroyd-B fluid due to the impulsive motion of an infinite flat plate
have been determined. Lengthy but straightforward computations show that v(y, t) and T (y, t) given by (30) and
(31), satisfy both the partial differential equations (4) and (5) and all imposed initial and boundary conditions. For
λr = λ, as it was to be expected these solutions reduce to those corresponding to Newtonian fluids given by Eqs. (36)
and (37). In the special case when λr → 0, the dimensionless tangential stress SM (ξ, τ ) corresponding to a Maxwell
fluid, is also obtained as a limiting case of our solution (28). The associate velocity field UM (ξ, τ ) is then obtained by
a simple integration.
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Fig. 3. Velocity profiles U (ξ, τ ) corresponding to an Oldroyd-B fluid for τ = 0.25, λ = 20 and λr = 14 — U1, λr = 18 — U2, λr = 20 — U3
and a Newtonian fluid — U4.
Fig. 4. Tangential stress profiles S(ξ, τ ) corresponding to an Oldroyd-B fluid for τ = 0.25, λ = 20 and λr = 14 — S1, λr = 18 — S2, λr = 20
— S3 and a Newtonian fluid — S4.
Figs. 1 and 2 present, for comparison, the diagrams of the velocity fields and the associated tangential stresses,
obtained for an Oldroyd-B by means of the Laplace and Fourier transforms. More exactly, it is shown that the
corresponding diagrams resulting from Eqs. (30) and (31), respectively, (33) and (34) are identical.
In Figs. 3 and 4 the velocity fields and the associated tangential stresses corresponding to Oldroyd-B and Newtonian
fluids are plotted as functions of ξ . It is clearly seen that for λr → λ the diagrams corresponding to the Oldroyd-
B fluid (Eqs. (30) and (31)) tend to superpose over the diagrams corresponding to the Newtonian fluid (Eqs. (36)
and (37)) while for λr = λ they are identical. In all the diagrams V = 0.5, µ = 1.48, ρ = 1260 (glycerin) and
ν = µ/ρ = 0.0011746.
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